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3ABSTRACT
The effect for an axial magnetic field to the gain of free-electron
laser amplifier is investigated according to the theory introduced by Chan
and Tsui1. The kinematics of the electrons inside the interaction region is
described by a simple pendulum equation in which the characteristic
parameter is a function of the axial magnetic field strength Bc. The gain
is discussed as a function of electron energy with different values of Bc
and the length of periodic helical magnet LI. The resonance condition is
shift to higher electron energy as the value of Bo is decreased. The peak
gain is increasing at first and then decreasing for the increase of LI or
Bc. Also, the maximum peak gain is found to be increased for the decrease




When a high energy electron beam is scattered by a periodic magnetic
field, it emits electromagnetic radiation of wavelengths AS much shorter
than the period of the magnetic field AM. This phenomenon was discussed,
according to classical electrodynamics, by Motz in 19512 and then
experimentally confirmed by Motz, Thon, and Whitehurst in 19533
Since the electrons of electron beam are randomly entering the
magnetic field at different time, for a large number of electrons the
phases of radiation pulses emitted by each of the electrons are assumed to
be randomly and uniformly distributed. If there is no interaction among
the electrons, the radiation emitted by the electron beam is incoherent and
the total radiation power emitted by the electron beam in the forward
direction is, according to Einstein's theory of random walk, proportional
to the number of radiation pulses in superposition times the radiation
power emitted by a single electron, namely P« N P. However, if this
r e
uniform distribution of phase is disturbed by the stimulation-of certain
mechanism, some coherent radiation can be produced. In the ideal case,
when the uniform distribution is changed into a S-function, S(ao), in which
all radiation pulses are of the same phase 0o, the total coherent radiation
power is given by P N 2 P.
r o
Although the radiation emited by a high energy electron beam moving
through a periodic magnetic field had also been discussed, according to
quantum electrodynamics, by Madey4 in 1971 as a scattering process of
virtual photons using the Weizsacher-Williams method, it was Palmer who
proposed in 19725 three kinds of classical mechanism which could be used to
5upset the uniform phase distribution of radiation emitted by the electrons
of an electron beam in the forward direction. (1) The electron beam is
bunched by an external coherent radiation of wavelength S travelling in
the same direction of the electron beam (external bunching). (2) Inside
the electron beam, those electrons moving ahead are bunched by radiations
emitted by other electrons travelling behind them (self-bunching). (3) The
electron beam is bunched by coherent radiation which is generated by self
bunching and then amplified inside a feed back cavity formed by two concave
mirrors (internal bunching). From the radiation point of view, Palmer's
mechanism are respectively interpreted as (1) coherent amplification by
external stimulation, (2) coherent generation by self-stimulation, and (3)
coherent oscillation by internal stimulation and amplification.
This phenomenon of coherent amplification was first observed and
measured by Stanford Groups with a CO2 laser, a 24 MeV electron beam, and a
helical magnetic field of period 3.2 cm.
Recently, this phenomenon has been discussed according to the concept
of effective number of electrons whose scattered- radiations are in phase
with the laser radiation. In this model, the motion of a single electron
in the laser field and the periodic magnetic field is studied and the gain
of the laser radiation is calculated in terms of the radiation scattered by
the electron beam. This model has provided a clear and simple description
of the coherent amplification. However, it has neglected the effect of
axial guide field on the motion of the electrons which is valid for the
above experiment. As the magnitude of the axial guide field increases,
this model should have a slight improvement to include the effect of the
axial magnetic field.
In this paper, the motion of a single electron in the laser field and
6the periodic magnetic field is studied with the effect of axial magnetic
field. The basic mechanism of the gain will be discussed on the basis of
the interference effects between the laser wave and the scattered radiation
by the electrons.
The interaction picture is considered as follows.. Monoenergetic
electrons enter the interaction region with uniform distribution of all
possible phases and experience electromagnetic forces due to the laser
field, the periodic magnetic field and the axial magnetic field.
Consequently, they evolve into non-uniform phase distribution while
emitting radiations. Some of these radiations interfere constructively
with the laser wave to produce a gain and others interfere destructively
to produce an absorption. If the total gain or absorption is low, the
feedback of radiations to the motion of the electrons can be neglected.
The motion of the electrons in the interaction region is in principle
similar to that in the scattering of an electron beam by a laser standing
wave, the Kapitza-Dirac effect. Since the classical- theory of the
Kapitza-Dirac effect has been studied with results in good agreement with
the experimental observations we shall apply the same method to our
present discussion. Thus, the interaction picture will be considered in an
inertial frame S' in which the laser wave and the periodic magnetic field
are transformed into two plane waves of identical frequency but travelling
in opposite direction. They shall be called respectively as the
stimulating wave and pumping wave. In this S' frame, the phase
relationship between the stimulating wave and the scattered radiation can
be determined in turn. Therefore, the effective number of electrons whose
scattered radiations are in phase with the stimulating wave can be obtained
by taking the average over all phases and interaction time. Since this
number is an invariant quantity, it can be used to calculate the gain of
7the stimulating wave in the laboratory frame.8
81.1 History
9The history of free electron lasers can be traced back through a
quarter-century. In 1951, Motz, Thon, and Whitehurst2,3 proposed and
developed a narrow-band source of synchrotron radiation using a
magnetically "undulated" relativistic electron beam. Then, in 1959, Motz
and Nakamura10 showed that this arrangement could be used as an amplifier
of millimenter wave radiation in a rectangular waveguide. Several devices
of this type were constructed by Phillips11 who called them ubitrons
(undulated beam interaction). The theoretical approach of Motz and
Nakamura relied heavily on the traveling-wave tube analysis developed by
Kompfner and Pierce12 at the end of W. W. II. The basic gain process in
these tubes was dominated by collective effects (where many electrons
oscillate togther so that amplification is non-linear in the current), was
classical, and required the use of a waveguide to support and confine the
electromagnetic field.
The cyclotron maser was introduced in the late fifties independently
by Twiss, Schneider, and Gaponov13 and makes use of a gain mechanism
similar to the ubitrons: "fast" electrons oscillate in helical orbits
through a uniform magnetic field to amplify radiation confined in a
cylindrical microwave cavity. Historically, conventional lasers, based on
the emission from atomic or molecular structures followed in the early
sixties, and provided a means-of producing powerful coherent beams at
optical wavelengths14 A necessary technical advance at this time was the
replacement of waveguides with optical resonators. Theoretical concepts
developed the microscopic description of stimulated emission from single
electrons in atomic states. Noteworthy progress continued on free electron
sources15. In 1968, Pantell, Soncini, and Putoff16 showed theoretically how
a relativistic electron beam colliding with an intense microwave field
9would amplify short-wavelength radiation by means of stimulated Compton
scattering. Then, in 1971, Madey4 used the Weizsacker-Williams
approximation to relate this mechanism to stimulated bremsstrahlung, and
showed how a relativistic electron beam moving through a strong static
periodic magnetic field could provide useful gain at optical wavelengths.
R. B. Palmer5, in 1972, independently developed a clear classical picture of
how energy could be transferred efficiently between free circularly-
polarized electromagnetic waves and free, pre-bunched relativistic
electrons guided through a static helical magnet, and discussed
qulitatively the possibility of self-induced bunching to form a powerful
laser. Sukhatme and Wolff (1973)17 analyzed stimulated Compton scattering
with quantum mechanical perturbation theory. In contrast to the earlier
work of Motz and Phillips, the theoretical results of these authors are
applicable only in the single particle regime where collective effects are
neglible. The general analyses of Kroll 18 and Gover19 discuss, in a
comprehensive review, the relationship between many free electron
generators and their respective operating regimes. Both classical and
quantum mechanical formalisms were used by these theorists.
Since the first operation of Madey's laser (1976), many independent
theoretical contributions have been made. In a series of papers, Hopf,
Meystre, Louisell, and Al Abawi20 numerically solved the classical, coupled
Boltzmann's and Maxwell's equations to describe gain, electron bunching and
laser saturation. Kw Dawson, and Lin21 arrived at similar numerical
results in the collective regime. Colson22 analyzed evolution of she laser
radiation field and electron distributions in a free electron laser using
and intererelation the classical equations of motion, quantum mechanical
radiation theory, and full quantum field theory. Madey and Deacon23
developed a criterion for the applicability of the classical approximation,
10
and worked on the physics of recirculating the electron beam, and numerical
integration of the single particle equations of motion to describe
bunching. Mayer24 has related the free electron laser to collisionless
Landau damping of electronic vibrations in a plasma, while Baier and
Milstein25 have recently analyzed the single-particle electron motion in
the laser cavity to rederive the gain formula.
Many sophisticated theoretical approaches have successfully explained
the basic gain mechanism in free electron lasers, and a few have begun to
analyze other features like saturation, and the evolution of particle
distributions20'22,23 Presently, the fundamental gain mechanism in the
Stanford experiment6,26 can be described by the classical dynamics (as
opposed to quantum mechanical 22,23
) of individual electrons (in contrast to
collective excitations 18,19
). In the following, the effect of axial
magnetic field on free-electron laser is discussed and compared with
experimental result.
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1.2 Experimental set up and result (with small axial magnetic field)
The experiment was conducted in the W. W. Hansen High Energy Physcis
Laboratory using an electron beam from the superconducting linear
accelerator. The experiment was performed by sending the electron beam
through the periodic field and measuring the gain and absorption
coefficients for 10.6 µm radiation sent through the field parallel to the
electron beam axis.
The main part of the apparatus is shown schematically in Fig. 1. The
periodic magnetic field was generated by a super conducting right-handed
double helix with a 3.2 cm period and a length of 5.2 m. The helix was
wound around a 10.2 mm i.d. evacuated copper tube which enclosed the
interaction region. The field due to the helix was transverse and rotated
in the plane normal to the axis with the period of winding. A 1-k0e axial
guide field was generated by a solenoid wound over the helical magnet.
The electron beam and the infrared radiation were steered to pass
through the magnet on the axis. Radiation from a pulsed transverse-
excitation-atmospheric CO2 laser was focused to a 3.3 mm waist at the
entrance to the interaction region to excite the EH 11 wave-guide mode of
the 10.2 mm copper tube.
The dependence of the gain on different electron energy is shown in
Fig. 2. The electron energy from the superconducting accelerator was swept
through a range of approximately 2% in the vicinity of 24 MeV. The
magnetic field was 2.4 kG and the instantaneous peak current was 70 mA.
The gain was measured at optical power densities ranging from 100 to 1.4 x
105 W/cm2. The magnitude of the gain and the dependence of the gain on the
electron energy were observed to be independent of the optical power
12
density over this range. Finally, the instantaneous peak gain in Fig. 2.
attained a value of 7% per pass.
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1.2 Theoretical investigation (with no axial magnetic field)
In the Stanford experiment of coherent amplification, the periodic
magnetic field of the helical magnet is right-handed circularly polarized
along the direction of k and can be described in the laboratory frame by
(1.1)
The electromagnetic field of the CO2 laser is a right-handed circularly
polarized plane wave travelling along k and expressed by
(1.2)
By neglecting radiation reaction and the effect of axial magnetic
field, the motion of an electron under the influence of electric and
magnetic field is governed by the Lorentz force law.
(1.3)
(1.4)
i) W. B. Colson9
Gain is defined as the fractional change in radiation energy. A
change in radiation energy, 2E2 S V18ir, in a section of the electron beam of
volume V, containing e V electrons, is taken to be the corresponding change
of the average electron energy in that volume.
The maximum gain attainable from a magnet of N Deriods is
14
explicitly showing that maximum gain is proportional to the electron
density pe, the magnetic field squared BM, and the cube of the length of
the magnet, (NAM)3. The factor yBmc2 in the denominator is just the
initial electron energy. The factors e4/m2c4 may be combined to show that
gain is proportional to the fundamental interaction strength ro.
Under the conditions for the above experimental set up, Eq. (1.5) gives
G= 0.04 which is in fair agreement with the observed gain 7%.
max
ii) Chan and Tsui1
The mechanism of amplification is discussed according to the concept
of non-uniform phase distribution of radiation emitted by electrons in an
electron beam after the electron beam is interacting with the combined
effect of the periodic magnetic field and the laser stimulating wave. The
effective number of electrons whose scattered radiations are in phase with
the stimulating wave is calculated. The gain of amplification is obtained
in terms of the scattered radiation power emitted by a single electron.
The result of this theoretical approach is
(1.6)
where
The dependence of the gain on different electron
energies as given by Eq. (1.6) is compared with the experimental result in
Fig. 2. The peak gain has a value of 7.1% and is quite closed to the
experimental value of 7%. From Eq. (1.6), it seems that the gain should
(1.5)
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depend on the optical power density. However, if we carry out the
computation of the gain with different optical power densities, we find
that the gain stays nearly the same from 100 W/cm2 to 1.4x105 W/cm2, The
result is shown in Fig. 3. This agrees with the experimental observation.
Nevertheless, if the optical power density is further increased, the gain
could fall drastically according to Fig. 3.
Since the results of the second approach is in better agreement with
the Stanford experimental measurement of coherent amplification, we will
apply the same theoretical approach to the case with axial magnetic field.
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CHAPTER 2
ELECTRON KINEMATICS IN THE CO-FREQUENCY FRAME
In the Stanford experiment of coherent amplification, the periodic
magnetic field of the helical magnet is right-handed circularly polarized
along the direction of k and can be described in the laboratory frame by
(2.1)
where B is the amplitude of the magnetic field
and is the
spatial period. The electromagnetic field of the CO laser is a right-
handed circularly polarized plane wave travelling along k and expressed by
(2.2)
where E is the amplitude of the electric field of the laser radiation, u
is the angular frequency, r= t-z/c is the retarded time, c is the speed of
light in vacuum, n= k is the direction of the wave propagation, and p is
the initial phase relationship between the static magnetic field and laser
field. The axial magnetic field is described by
(2.3)
where B is the magnitude of the axial magnetic field which is taken as
positive for the direction in k. An electron beam of velocity v= c£ and
electron total-energy mc 7q is entering the interaction region along
the direction of k.
The interaction picture is now transformed to a moving frame S' which
is moving along the +n direction with velocity v relative to the laboratory
17
frame. In the S' frame, the periodic magnetic field becomes approximately
a left-handed circularly polarized plane wave travelling along -n direction
with velocity v. It shall be called the pumping wave whose electromagnetic




The laser wave is transformed into a right-handed circularly polarized
plane wave travelling along +n with velocity c. It shall be called the
stimulating wave and its electromagnetic field is expressed by
(2.6)
where due to the invariance of phase,
(2.7)
and A is the wavelength of the laser. The axial magnetic, field is
expressed by
(2.8)
The electron velocity and total energy of the electron beam in the S' frame
are given respectively by
Since S' frame is chosen such that both waves have identical frequencies,
say. From Eqs. (2.5) and (2.7), we get
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(2.9)
Because AM > S, we shall take = 1 in the discussion hereafter.
Consider an electron of mass m, charge e and initial velocity v' a vok
o
entering the interaction region along the +n direction. Under the
influence of the Lorentz force-power, the equation of electron motion in





force consists of three components. One component is parallel to the
direction of wave propagation n and the other two are in direction i and j.






Note that -cEdr X dA(r) is the
differential vector potential of a plane wave. Since the electron beam is
aligned along n direction, we shall take the initial transverse velocity of
the
Due to the magnetic. leakage at the ends of the magnet
and the non-abrupt wave-front of the laser radiation, we shall also take
the initial vector potentials of both waves
From Eq. (2.12)
19
and (2.13), we obtain
(2.16)
when
m is in direction m which lies in the plane of wave polarization
perpendicular'to n. Substituting Eq. (2.15) and (2.16) into Eq. (2.14), we
get
(2.17)
From Eq. (2.16),we have
(2.18)




In the Stanford experiment, A'M_
M
esu. Hence, Eq. (2.18) is reduced, to a very
good approximation, to
(2.21)
On the other hand, the magnetic field strength in a region z_<0 near the
2
entrance end of the magnet is increased from 0 to B. In this region, dA,
In the region z> 0 inside the helical magnet,
are constants and hence
Dividing Eq
20
(2.17) by Eq. (2.21), we have
(2.22)
(2.23)
where Integrating Eq. (2.22), we obtain
(2.24)
where Under the condition that
an integration of Eq. (2.23) gives
(2.25)
where
represents the initial position of the electron. Note that Eq. (2.25) and
the Eq. (2.11) given in Ref. 7) are of the same form. In obtaining Eq.
(2.25), we have taken -1/2. However, it does not affect the result
because the electrons in the electron beam are assumed to be uniformly
distributed over all phases. Eq. (2.25) describes the kinematics of the
electrons inside the interaction region and have the same kind of motion of
a simple pendulum. Each electron follows a well-defined path in phase-
space diagram as shown in Fig. 4. Therefore, the phase change of the
electron motions evolving in the interaction region can be determined. The
21
characteristics of the motion of the electrons in the phase-space diagram
have been discussed in detail in Ref. 7).
22
CHAPTER 3
PHASE RELATIONSHIP BETWEEN STIMULATING AND SCATTERED WAVES
In the. S' frame, the electric field of the scattered radiation emitted
by an electron is expressed by27
(3.1)
where n' is the direction of observation and R' is the distance between the
electron and the point of observation. Since the scattered radiation is
mainly caused by the pumping wave and emitted in the direction near the
propagation of the stimulating wave, n'= n', along which the wavelength of
the scattered radiation is practically constant (see Chapter 5), Eq. (3.1)
can be reduced to
(3.2)
In an electron beam, -y', A' and E' are the same for all the electrons in a
thin slab of thickness Az' of the beam cross-section as shown in Fig. 5.
There is a phase difference V between the radiation arriving at the point
of observation from a ring Lz'dS' and the center of the slab. Since R'=
R', d'= dS' /R' A', and A'= 2nc/w', the total electric field DER emitted
by the electrons in this slab at the point of observation is given by5
(3.3)
where pN is the number density of electrons. Thus the phase relationship
23
between the scattered radiation DER and the pumping wave {EM}ret is
determined. On the other hand, the electric field of the stimulating wave
at the point of observation is
(3.4)
By comparing the phases of Eqs. (3.3) and (3.4), we obtain the phase
difference'' between the scattered radiation and the stimulating wave,
(3.5)
as shown in Fig. 5. Now the total electric field produced by a slab of
electrons and the stimulating wave at the point of observation becomes
(3.6)
where mil is the unit vector in the direction of E's, ml 1 mll, and pn is the
position of the slab. Note that the total electric field at the point of
observation depends on the position of the evolving electrons.
24
CHAPTER 4
EFFECTIVE NUMBER OF ELECTRONS WITH SCATTERED RADIATION
IN PHASE WITH THE STIMULATING WAVE
1Consider a monoenergetic electron beam entering the interaction
region. Since the pulse length of the electron beam is much larger than
A's, the initial phases of the electrons are uniformly distributed and
spread over many identical unit cells of dimension w'pno ranging from -sir
to 1/2 as shown in Fig. 4. The interaction process is now considered as
taking place in a periodic array of a large number of identical cells. The
phases of the electrons' motion in a unit cell will evolve from an
initially uniform distribution of w'p' to a new distribution of w'p' after
n
a certain time of interaction t'. The average electric field of the
scattered radiation within a unit cell at time t' is hence given by
(4.1)
where and
NC is the number of electrons within a unit cell. The scattered radiation
from one unit cell can overlap with that from other unit cells as shown in
Fig. 6. Here L' is the length of the pulse of the electron beam and L' is
e p
the maximum length along the electron beam that scattered radiations
emitting from cells within this length may overlap with one another27'28
Let J be the number of unit cells within L' and I be the number 'of unite
cells within L'. From Fig. 6, the total electric field along the radiationp
pulse is expressed by
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where i runs from 1 to I depending on the position along the radiation
pulse as shown in Fig. 6. For example, in the case of L' L', at the
e p
front of the radiation pulse (T=1), i runs from 1 to 1 at the mid-way of
the pulse (T=I), i runs from 1 to I and at the tail (T=I+J-1), i runs from
I to I, etc.
By taking the time average over the whole radiation pulse, we obtain
-he average radiated power as Al
(4.3)
where N is the total number of electrons of the whole electron beam pulse,a
(4.4)
(4.5)
with t' being the total interaction time, K= J-1 for L'> L', and K= I-1
for L'< L'. The second term on the right hand side of Eq. (4.3)p e
represents the coherent effects between the scattered radiation and the
stimulating wave. The third term gives the coherent effects among the
(4.2)
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scattered radiations from electrons within the electron beam pulse under
the influence of the stimulating wave. The value of is the
effective number of electrons whose scattered radiations are in phase with
the stimulating wave and is the effective fraction of
the total number of electrons whose scattered radiations are in phase with
one another. Further more these two values are invariant quantities. If
(which is generally true in practical works of coherent
amplification), the contribution of the second term to the radiation power
is dominant. Therefore, we shall mainly discuss the characteristics of
as follows.
The value of represents the degree of coherent effects, the
coherency. A larger positive value of means a stronger constructive
interference and a negative corresponds to a destructive one. In order
to study the characteristics of over different interaction conditions we
refer to Fig. 4. If is equal to zero, a resonant condition is reached
and becomes zero at all times, because the interference effects of the
scattered radiation on the stimulating wave cancel one another. If is
positive and not quite far away from the resonant condition, electrons will
evolve to a distribution with more electrons concentrated around
at a certain time. Hence constructive interference or a gain is observed.
If is negative, the situation is reversed with more electrons
distributed around
and absorption occurs. When 0' is far away
from the resonant condition, electrons will be distributed more evenly over
different phases. Thus the gain or absorption effects will be weak. For
given values of and the dependence of on for different
interaction times are plotted in Fig. 7 with dimensionless unit,
where is a critical value given by
27
(4.6)
If no electrons will be described by the closed curves in Fig.
4. For a given value of the motion of the electron with 0 has
the shortest period T', where7
In Fig. 7. the maximum value of is found to be— 0.39 at
(4.7)
(4.8)
where and K(0.66) is the complete elliptical
integral of the first kind with argument 0.66. is the shortest period
of the elliptical curves along which electrons will evolve with incident
velocity Under this condition, approximately half of the
electrons follow the closed curves and the others evolve along the open
curves. Eqs. (4.8) provide the criteria for obtaining the maximum value of
and should be very useful for designing an experiment.
The dependence of on the interaction time is
shown in Fig. 8. The value of decreases at a longer interaction time
beyond , because the electrons evolve away from the phase
and towards k where destructive interference occurs. When
the interaction time is further increased the electrons evolve to a more
uniform distribution over different phases and coherent effect will be
further weakened.
Since botl and are functions of the effect of on is
more complicated. However the maximum value oJ for a given interaction
28




The dependence of for different values of are plotted in
Fie;. 9. When the value of A' is so small that ,the motions of
electrons are described by the open curves and the phase distribution is
more uniform. Thus the coherent effect is weak. As the value of A is
increased so are and Comparatively, when gets larger and
larger, becomes closer and closer to the resonant condition and
crats small er and smaller so that will be very long when compared with
Conseauentlv. the value of not only stops increasing but also
starts decreasing. In Fig. 10 ras a function of with
is shown.
The dependence of on for differen and are shown in
Fig. 11 and Fig. 12 respectively. Note that is an odd function of
and is an even function of
29
CHAPTER 5
SCATTERED RADIATION OF A HIGH ENERGY ELECTRON
IN A HELICAL MAGNETIC FIELD WITH AXIAL GUIDE FIELD
The scattered radiation emitted by a high energy electron passing
through a transverse periodic magnetic field is the basic element to
produce the undulator radiation and free electron laser. In the electron
rest frame S in which= 0, the magnetic field of a helical magnet is
transformed into a circularly polarized plane wave with
(5.1)
where and The axial
magnetic field is transformed to
(5.2)
Due to the leakage of the magnetic field at the end of the helical magnet,
the initial value of B is zero. Thus the kinetic energy and the momentum
30 A2
of the electron in the S frame are given by
and (5.3)
(5.4)
with D Under this condition,
where is the Lorentz force due to Now the wavelength and the
differential radiation power pertaining to the fundamental frequency of the




where is the classical electron radius and
is the magnitude of the Poynting vector. Now returning to the lab frame
with the transformations of
and others, we obtain the scattered wavelength and
differential power in the laboratory frame,
and (5.7)
(5.8)
where S By taking
0 kG, the angular distributions of the wavelength Eq. (5.7) and
differential power Eq. (5.8) of the scattered radiation for electron total
energy =24.5 and 1.5 MeV are shown in Fig. 13. In this figure, we can
see that both and have peaks at the higher the electron
energy the sharper the peaks. Since varies with only a small
fraction of the scattered power near = 0 is responsible for coherent
amplification. Therefore, coherent amplification is effective only withir
a small solid angle around at which
(5.9)
(5.10)
Note that the differential power has a maximum value at The
dependence oi and on the field strength is shown in Fig.
31
14 for the axial magnetic field strength B =0.c
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CHAPTER 6
GAIN OF COHERENT AMPLIFICATION
Wherever the stimulating wave is superimposed with the scattered
radiation, amplification occurs. The gain of the stimulating wave may be
expressed bv G in the lab frame. Since
(6.1)
wb PTP The ratio of
the two electric fields are evaluated within the interaction region. E is
s
related to the flux density I of the stimulating wave by
(6.2)
and E is related to the power P radiated by an electron to the acceptance
area bv
(6.3)
where is the radius of the electron beam. For very small acceptance
solid ansli Using Eq. (5.10), the gain formula Eq
(6.1) is expressed in terms of N and N by
(6.4)
wher
This new gain formula shall be used to calculate the
33
gain for the Stanford's experimental conditions of coherent amplification




The conditions of the experiment reported by the Stanford Group in
6













radius of electron beam
Axial magnetic field strength
Angular acceptance of the detector
The spot size of the electron beam given33 cm. Since
the effective radius of the beam may be expressed by
take R= 0.6 mm. The dependence of the gain on different electron8
energies as given by Eq. (6.4) is shown in Fig.15. The small asymmetric
behavior in the experimental result is well explained by the contribution
CO 2 laser,
10.6




go = 24.51 Mev + 2%
Ie = 70 mA
Le = 1.3 mm
Re = 0.6mm
Bc = -1 KOe,
a = 5 X 10 -6 Sr.
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of the second term in Eq (6.1). The peak gain has a value of 6.95% and is




The dependence of the gain on electron energies as given by Eq. (6.4)
is plotted with different values of axial magnetic field strength BC and
helical magnetic field length LI. Some particular result are shown in Fig.
16 to Fig. 20. The resonance condition is shift to higher electron energy
as the value of BC is decreased. When we carry out the computation with
different helical magnetic field length LI, we find that the peak gain is
increasing at first and then decreasing for the increase of LI or BC.
Also, the maximum peak gain is found to be increased for the decrease of
B. The results are shown in Fig. 21 and Fig. 22. From these Figures, we
find that a free-electron laser amplifier could be favorably working with





We have presented a classical theory of the coherent amplification of
a free-electron laser with axial magnetic field and the criteria Eq. (4.8)
for obtaining the maximum of gain. It is interesting to note that the gain
given in Eq. (6.4) is proportional to Neff and 3 o. It means that a
free-electron laser amplifier could be favorably working with high energy
electron beam provided that a favorable value of N elf could be obtained
from other parameters of the amplifier. Moreover, the gain of the
amplifier can be significantly increased by suitably adjust the axial
magnetic field strength BC and helical magnetic field length LI.
According to our theory, the interaction process of coherent
amplification by a high energy electron beam is basically equivalent to
that of Kapitza-Dirac effect. In the Kapitza-Dirac effect, a classical
description of the interaction process is more appropriate than the
quantum-mechanical approach In order to unlock the basic nature of the
interaction process between coherent radiation and free electrons, detailed
experimental investigations in the phenomenon of coherent amplification is
of fundamental nhvsical significance
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APPENDIX 1
In this appendix, the average power of the radiation pulse is
calculated. The total energy of the radiation pulse in the co-frequency








Also JNc=Ne, the total number of electrons in an electron beam pulse.







By neglecting the radiation reaction, the equation of motion- of an
electron under the influence of an circularly polarized plane wave and an
axial magnetic field is give by
(A2.1)
The force is divided into two components, one in.. the direction of wave
propagation and the other one in the direction of polarization, namely
(A2.2)
(A2.3)
Since the power equation is given by
(A2.4)
Since the electron is initially at rest with po= 0 and 9o= mc2, we have
(A2.5)
(A2.6)
From Eq. (A2.3), we have
(A2.7)
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It must be noted that the kinematics of an electron in a plane wave
system is measured by the retarded time r whereas in the observer system is
measured by the observer's space-time [r,t]. These two systems of
measurements are related by r= t-n• r/c and dr= dt/6= dt/-y= ds. Since
the kinetic energy of the electron is a function of A(T), it must be 9K(r).
Therefore the kinematic quantities of the electron motion shall be
expressed in terms of the normalized energy
(1) Velocity: From EK= Sp, we have
(A3.1)
Thus, (A3.2)
(2) Displacement: For circularly polarized wave,
(A3.3)
(3) Frequency of electron motion: In the observer's (lab) frame the
frequency of electron motion is measured by the observer's time t. From
the definition of retarded time and Eq. (A3.3), we obtain an equation
relating r to t.
(A3.4)




(4) Scattered Radiation: Although our treatment is fully relativistic,
the frequency of electron motion given by Eq. (A3.5) is a non-relativistic
Doppler effect of a moving observer. Therefore, the frequency of the
scattered radiation emitted by the electron must be described by the non-
relativistic Doppler effect of a moving source34
(A3.6)
The frequency of the scattered radiation is the result of two-step Doppler




When Eq. (A3.6) is expressed in terms of the average energy absorbed by the
electron, EK, we obtain
(A3.8)





where ro= e`/mc` is the classical electron radius and
magnitude of the Poynting vector.
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FIGURE CAPTIONS
Fig. 1: Experimental set up of the Stanford free-electron laser
amplifier.
Fig. 2: Comparison of the experimental and theoretical values for the
gain of different incident electron energy at optical power
density of
Fig. 3: Maximum value of gain for different optical power density.
Fig. 4: Constant energy curves of the motion of the electron in a phase-
space diagram.
Fig. 5: Phase relationship between the stimulating wave and the scattered
radiation from a slab of electron beam.
Fig. 6: Overlapping of the scattered radiation pulses from different
cells of the electron beam in three different cases:
Fig. 7: Coherency as a function of incident velocity for
different values of interaction time
Fie. 8: Coherency for different interaction time at incident
velocity
Fig. 9: Coherency as a function of incident velocity for
different magnitude of the stimulating wave
Fig. 10: Coherency as a function of magnitude of the stimulating wave
at incident velocity
Fig. 11: Coherency as a function of incident velocity for
different values of interaction time with
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Fig. 12: Coherency as a function of incident velocity for
different magnitude of the stimulating wave
1.32.
Fig. 13: Angular distributions of scattered wavelength and differential
power for an electron being scattered by a helical periodic
magnetic field.
Fig. 14: Dependences of the scattered wavelength and differential
radiation power on the magnetic field strength of a
helical undulator.
Fig. 15: Dependences of the gain on incident electron energy at optical
power density of with axial magnetic field
strength -1 kG.
Fig. 16 to 20 :Dependences of the gain on incident electron energy for
different values of axial magnetic field strength and length of
helical magnet.
Fig. 21: Dependences of the peak gain on the axial magnetic field strength
for different length of helical magnet.
Fig. 22: Dependences of the peak gain on the lengdth of helical magnet for
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